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ABSTRACT
The determination of overdesign, or safety, factors for industrial
processes is an art acquired by the engineer through experience.

In

general, safety factors are increased as the uncertainty of the process
variable increases; a procedure that can be expensive if safety factors
are specified too small or too large.

A single release of harmful

substances from pollution control installations may cause irreparable
damage.

Likewise, the production of an off specification product by

a chemical process costs money and resources.

These facilities must

often be designed for widely fluctuating flow rates, compositions,
temperatures, and etc.

Consequently, the selection of the proper

safety factors is a difficult and critical aspect of any design study.
A method for the quantitative determination of process overdesign
has been developed based upon stochastic simulation of a computer
model of the process.

This study outlines and presents the results

for a typical chemical process design and for a conventional water
treatment facility.
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I.

INTRODUCTION

The uncertainty involved in a process design should be recognized
by any engineer involved in the prediction of process performance.
The first and most obvious source of uncertainty is the possible
variation of basic design constants(l) (rate constants, equilibrium
constants, etc.).
engineer.

This type of uncertainty is familiar to every

The design engineer does not know these constants precisely

due to experimental error or the inaccuracy of predictive methods.
The second type of uncertainty is more subtle in that it is
introduced by variations in the process variables( 2 ). Examples would
include fluctuating flow rates, concentrations, temperatures, and
pressures.

These fluctuations could be caused by internal upsets or

by changes in external conditions such as weather.

The object of

using control equipment is to minimize the fluctuations.

However,

process variables will vary between some limits and it is up to the
design engineer to determine these limits and make some allowance for
these fluctuations.
The design engineer must make a decision on the choice of design
constants and design variables before he can proceed.

Since these

choices may not be correct, the design may not be correct.
may not perform as expected all of the time.

The process

The performance of the

process is therefore uncertain.
Engineers recognize this uncertainty and usually allow for it
by the incorporation of overdesign(l, 3 ). Historically it has been the
practice of engineers to add a safety or overdesign factor to their
designs to insure that the process would perform as designed.

The
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amount of overdesign necessary to insure proper operation of the
process is largely based on the experience of the design engineer(l, 2 , 4 )
and on information obtained from previous processes similar to the one
under study(S)_

In the chemical industry overdesign factors necessary
for correct operation of equipment have been tabulated(l, 3 ) and overdesign factors as great as 20 · percent. a-re reconmended.
The problems involved in the use of such overdesign factors are
manifold.

The first problem is that the process may not work as

expected.

The entire process may be underdesigned and the resulting

plant size be inadequate.

Losses due to an inadequate plant could

have been saved if the process had been designed by a more quantitative
approach.
Second, any overdesign costs capital dollars.

It is the object
of any design to minimize the cost and still have a workable plant( 2 , 4 ).
The problem is to know when the process is sufficient to meet the basic
design requirements and to provide just enough design to meet these
requirements.
Another problem with excessive overdesign is that the plant may
not operate at the optimum point for its true capacity.

This overdesign

will increase operating costs which will in turn decrease the profit.
Fourth, if overdesign factors are applied to each separate piece
of equipment in the plant without regard to the other components in
the plant the resulting design may have some items overdesigned and
others underdesigned.

This application of design factor to each piece

of equipment can cause problems in startup as bottlenecks develop.
Bottlenecks may be eliminated, but this requires time, labor, and
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capital that could have been saved if the process had been more
carefully studied.
Fifth, the problem of specifying the design of pollution control
equipment and high purity product processes is very important.

In

these type of processes there is no averaging effect due to high and
low values of product quality.

For example, emission of a very

polluted effluent from a pollution control process will not be balanced
by the emission of a very pure effluent later.

The effect is cumula-

tive and cannot be treated using average value criteria.
In a period of rising costs and decreasing profit margins a
method of quantitatively finding the minimum amount of overdesign for
correct process performance is needed.

In an attempt to meet this

need other investigators(G,l,B) have applied various methods of
statistical analysis to find the overdesign factor.
It was the object of this study to develop and demonstrate a
method ·of quantitatively finding the correct amount of overdesign
when faced with uncertainties in the design conditions.

The method

chosen was to simulate the process using stochastic (Monte Carlo)
methods.

This method involves the development of a process model,

a description of the process variables by probability distributions,
a simulation of the random process using Monte Carlo sampling
techniques, and finally the devising of a measure of the process
dependability that would yield usable information as to the behavior
of the process.

To meet these objectives a computer simulation was

performed on a pollution control problem involving one design parameter
and two stochastic variables and on a process design problem with two
design parameters and three stochastic variables.
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II.

LITERATURE REVIEW

The problem of finding a design that will insure an adequate
margin of safety in the performance of systems has been approached
in many ways.
A.

Expected Value Criteria
One of the most successful approaches has been that of minimizing

the expected value of the cost or maximizing the expected value of the
profit with respect to the random variable under study.

The expected

value of a function (h(x)) is given by:
00

E(h(x))

=

I

f(x) h(x) dx

(1)

-oo

where:
x

=

the random variable in question

f(x)

=

the probability density function of x

h(x)

=

a function of x

E(h(x))

= expected

value of the function h(x) with respect

to the random variable x
For example h(x) could be a cost function that is dependent on
x.

For any value of x the cost is defined by h(x).

The expected

value of the cost could be found by weighing cost with the probability
density of cost and summing over all values of the cost.

This

procedure is equivalent to weighing the cost with respect to the
probability that x would occur and then summing over all values of x,
which is expressed by Equation (1).
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Saletan and Caselli( 6 ) used this method to find the expected value
of process throughput when the capacity of the proposed plant is
unknown and the demand is fixed.

With this information, they obtained

an expression for the confidence in the design as a function of plant
cost.
Kittrell and Watson(?) used the expected value approach to find
the amount of overdesign required for a backmix reactor when the
reaction rate constant is a random variable uniformly distributed
over an arbitrary range.

They found that as the range of uncertainty

increased, the amount of overdesign required for correct operation
of the reactor increased.
Wen and Chang(B) took a slightly different approach in the
solution of the same problem.

Instead of minimizing the cost as a

function of the variation in the rate constant they chose to minimize
a function that they referred to as the relative sensitivity of the
total cost with respect to the rate constant.

The relative sensitivity

is defined as

s

=

(2)

where:
ct

=

E(Ct)
S

total cost

= expected

= relative

value of total cost

sensitivity

Minimizing this function with respect to the rate constant, they
obtained the same general result as Kittrell and Watson, i.e., as the
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range in uncertainty of the rate constant increased, the amount of
overdesign increased.
Chen, Erickson and Fan(g) have used the expected value criteria
in the design of an activated sludge process.

Using various ranges

of uncertainty in the design parameters, they minimized the expected
value of the . re~idence time of treatment.

They found that as the

range of uncertainty increases the total residence time should be
increased to provide for the desired waste treatment.
There are several disadvantages in the use of this method of
analysis.

The primary problem is that the probability distribution

of profit or cost (f(x)) must be available.

This distribution is

generally not known, but it could be generated from a model expressing
the cost or profit as a function of the random variables in the process.
This procedure is difficult except for simple models with only one or
two random variables.

The method requires the probability density

function for all of the random variables.

The variables must be

independent and their distributions must be in a form that can be
integrated.
Another serious objection to using the expected value criteria
lies in the averaging effect involved.
tank with a one day product capacity.

For example, consider a storage
The product may be below

specification one day and above the next.

Unless these products are

mixed there is no averaging effect from day to day.

The expected

value approach would indicate that there is an averaging effect from
day to day which could lead to a plant design that will not produce
the required product.
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B.

Variance Analysis
In mechanical systems the factor of safety is defined as:
(3)

where:
R = capability of design

Q = design requirement
S

= safety

factor

Su(lO) defined an additional term as the safety limit in the
following manner:

P(x

<

a) = Ja

f(x) dx

(4)

-oo

where:

= random variable
f(x) = probability density function of x
P(x ~ a) = probability that x is less than

x

or equal to a

As can be readily seen this function is the cumulative probability distribution on x.

Applying the approximation of the

variance(ll) of a function to the definition of safety factor Su
obtained a relation between the safety factor and the safety limit.
Using the same method Svenson(l 2 ) obtained a relation between
the safety factor and the margin of safety which is the difference
between R and Q of Equation (3) (l 3 ). In a similar study Mischke(l 4 )
obtained a relation between the overdesign and the reliability of
the system under study.
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All of the above studies are based on an approximation of the
variance which was not checked as to the accuracy in the particular
case under study.

Another objection is that all three studies used

some approximation to find the probability distribution of f(x).
Su assumed that the variabilities of Rand Q were known.

Svenson

assumed that the variabilities were small and the distributions could
be approximated by a normal distribution.

Mischke approximated the

distribution of the overdesign factor by use of the Camp-Meidell
theorem of statistics.
In all of these studies information on the probability distributions of Rand Q were required.
that R and Q are independent.
rigid structures in mechanics.

This assumption is only true for
In the study of chemical processes,

R and Q would be highly dependent.
to be difficult to use.

All studies were based on the fact

This dependency causes the method

Also, as the number of variables under

consideration increases, the method becomes cumbersome.
The major objection in the use of this method for determining
the appropriate degree of overdesign in a chemical process is that it
is impossible to express the model of the process in the form of
Equation {3). Chemical process are in general quite complex.

While the

requirements of the design, Q, are fixed, the capability of the design
is a very complex and often unknown function.

Thus, this method fails

in application to the process dependability because of its inherent
limitations.

c.

Analogy to Reliability Theory
The concept of system overdesign lends itself quite naturally to
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to study by classical reliability theory.

Bonis(lS) by choosing an

exponential probability distribution for component failure was able
to obtain a relationship between the safety factor and the reliability
for systems that fail in time.

Safety factor as defined in this study

is the ratio of actual mean time to failure to the design mean time
to failure.

The derivation used was a simple application of the

definition of a probability function to the problem at hand.

In this

study failure was defined as complete mechanical failure (breakdown)
which should be distinguished from operation failure (systems fail
due to loading).
Several attempts have been made to relate system reliability to
the design of process systems.

In ·a general study of series and

parallel operating systems Byers(lG) showed how the reliability of a
system may be obtained from the reliabilities of the component
subsystems.

The method used in this study is dependent on the

independence of the failure probabilities of the component subsystems.
Previous work by Saletan(l?) in the design of distillation
columns showed how the cost of increasing the reliability of a process
could be determined.

The approach used was to relate the failure

probabilities of the components of a distillation column to the
failure probability of the entire column.
components was assumed.
systems.

Independence of all

This approximation may not be valid for all

The method used by Saletan requires knowledge of the failure

probabi-lities of all component subsystems.

This information is

unknown in the design stage and must be estimated to obtain any
results.
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In a similar study Cason(lB) investigated the relationship
between maintenance downtime and system reliability.

Independence of

all subsystems was assumed as well as knowledge of the failure
probabilities of the subsystems.
Inherent in all of these studies is the assumption of failure
independence of any components in the process.

Failure independence

implies that the failure of one item in a system will not influence
the failure of another unit in the system.

This assumption is valid

when describing mechanical failure due to equipment breakdown.

When

dealing with process failure due to failures in process control the
assumption is no longer valid.

An overload in one unit will be passed

along as an overload to the next unit which may cause that unit

t~

operate incorrectly.
The use of this method to find the needed overdesign factor is
hampered by the difficulty in obtaining the component probabilities
for systems with interaction.

In chemical processes with many

dependent units obtaining failure probabilities due to system loading
is mathematically complex and may require a numerical solution.
This method applies only to the mechanical breakdown type of
failure.

The use of this method will not give any information as to

system failure due to loading.

Failure of a system may occur without

a mechanical breakdown occurring.

To obtain useful information as

to failure due to loading, the failure probabilities due to loading
must be known for each piece of equipment.
butions are unknown.

In general these distri-
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D.

Confidence Limit Approach
Fair( 19 ) has proposed that the confidence in the design be based

upon a Student-t error bound on the mean.

Fair proposes that the

variance of the unknown variables be used to establish confidence
limits on the mean performance of the process and that there confidence
limits ·be used to establish the required overdesign.

This method will

not account for point failures of a system, but will only give the
expected performance of the plant on the average.

The method also

assumes that the distribution of process performance is normal.
E.

Joint Probability Approach
Freudenthal( 20) has proposed the use of the joint probability

distribution of all variables under study as the method for specifying
the overdesign required. This method is described in Meyer< 21 ) and
is rigorous for any problem involving interaction of one part of the
process with another as long as the random variables in question are
independent.

The only inherent disadvantage in this approach is that

for even very simple process the degree of algebraic complexity is
very great and the difficulty involved in obtaining a solution for a
11

normal

11

chemical process is extreme.

In summary all of the methods available for finding the required
amount of overdesign are limited by the complexity of the system
under study.

Only very simple models for the process and for the

probability distributions may be used.
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III.

DEPENDABILITY AND STOCHASTIC SIMULATION

Due to the inherent limitations of analytical procedures in
finding the required overdesign for the correct operation of a
process, a numerical simulation study was performed.

As a basis for

the simulation a new term "dependability" was defined.
A.

Dependability
When dealing with a chemical process, some measure of the

performance of the process is needed.

The design engineer needs a

method for estimating or establishing the frequency with which a
process will fail due to variations in the input variables (flow
rates, concentrations, temperatures, etc.).

In this study a term,

"dependability .. , was defined in such a manner that the frequency of
failure could be determined quantitatively.
The dependability is defined as:
A
D

=J

f(x) dx

-oo

where:
D = process dependability
x = the output process variable chosen as indicative of
process performance
f(x) = probability density function of x
A= tolerance limit of x
Equation (5)is in the form of a cumulative probability distribution
of process performance.

The dependability is the cumulative prob-

ability that the process will perform at condition A or better.

(5)
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As an illustration, consider the following simple example.
electrical circuit must supply a voltage, E, of 2v or less.
delivers a higher voltage, the circuit will fail.

An

If it

From observation

it is known that the probability density function for the voltage,
f(E), can be described by:
f(E)

= -31

3
ln(-)
E

for

0 < E

~

3

(6)

Substituting Equation(7)into Equation(6)and solving yields:
2

D=

f

o+

!3 ln(l)
dE
E

=

0.937

(7)

Thus the circuit is 93.7 percent dependable and the voltage will
exceed 2v only 6.3 percent of the time if the circuit•s performance
is observed for a long period.
If the probability density function of the output variable is
known, the dependability may be found as in the above example.

Often

the output variable under study may be approximated by a normal
distribution with the variance and mean known.

If the output variable

may be approximated by a normal distribution the dependability could
be found from the cumulative normal distribution.
In practice, the probability density function of a variable
describing process performance may not be known explicitly.

The

probability distributions for related variables may be known as well
as the model relating these variables and process performance.

The

problem of finding the dependability then becomes one of combining

14

the probability density functions of these variables in a mathematical
model defining process performance and solving this relationship.
In certain cases an analytical solution is possible using the
Change of Variable Theorem of statistics( 21 ). The use of this theorem
is illustrated in the following continuation of the previous example.
Let the electrical circuit be described by Ohm•s Law:
E = IR

(8)

where:
R = resistance
E = voltage

I

=

current

The current, I, and the resistance, R, have probability distributions
as given below:
g (I)

=

1

0 < I < 1

0

elsewhere
(9)

h (R) =

1

3

0 < R< 3

0

elsewhere

Assuming that I and R are independent random variables, the joint
probability distribution of I and R is given by:
f(I,R)

=

g(I) h(R)

The following change of variables is defined:

=I
W = E = IR
u

(10)
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The probability density function of the voltage, E, may be described
by:
00

f(E)

=I

g(W)

h(~) !JI

du

(11)

-oo

where:
g(u) = probability distribution of current, I with
u substituted for I
h(W)
= probability distribution of resistance, R, with
u
W/u substituted for R
IJI =absolute value of the Jacobian of transformation
from (I,R) plane to the (u,W) plane

J =

di
du

di
dW

dR
du

dR
dW

f(E) = probability distribution of voltage, E
Since g(I) and h(R) are both uniform distributions Equation

~1)

reduces to:
1

f(E)

I 3u
1 du

=

0 < E < 3

E

3

(12)

1 ln3

=-

3

E

0 < E ~ 3
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Equation (12)is identical with Equation(6)and illustrates how the
probability density function for a measure of process performance can
be obtained from a model of the process and the probabilities of the
variables.
As can be seen, this method of solution becomes very cumbersome
when the probability distributions of random variables are numerous
or complex or when the model of the physical process is complex.
These difficulties suggest a numerical solution, such as a simulation
study, to obtain the dependability.
B.

Stochastic Simulation
Simulation studies involving random variables are often classified

as Monte Carlo methods.

The mathematical basis for the Monte Carlo
method has been described by Zaremba( 22 ). Hartley( 23 ) has given a
general discussion of the Monte Carlo method and there are many
examples of the application of this method to the solution of complex
problems( 24 , 25 , 26 , 27 , 28 ). This method of analysis involves the
testing of some mathematical model which describes the physical
system under study.

Testing is accomplished by subjecting the model

to random variation of those parameters known to be random variables
and observing the behavior of the model.

To increase the confidence

in the results obtained, many tests must be performed and some
statistic (standard deviation, mean, expected value, etc.) generated
to describe the results of the simulation.
In practice the Monte Carlo method obtains a value of a random
variable by sampling from the cumulative distribution of the random
variable using a random or pseudo random number.

The random numbers
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used are usually uniformly distributed between 0 and 1.

Since the

cumulative distribution of a random variable is by definition
distributed between 0 and 1, for every value of a random number in
this range, there corresponds a value of the random variable which
may be found by use of the cumulative distribution.

A random value

of a variable is obtained by generating a random number which is
represented as the cumulative probability and the distribution function
solved for the value of the variable.

Once the values of the random

variables have been determined by this technique, the model may be
solved to obtain a random sample of the behavior of the system.

This

process is repeated until a desired level of confidence in the results
is obtained.
The problem of achieving a desired level of confidence by
successive tests can be accomplished by use of the Central Limit
Theorem( 29 ) of statistics. This theorem states that the distribution
of the value of a sum of random variables will approach a normal
distribution as the number of random variables increases, regardless
of the distribution of the random variables.

By grouping the data

into equal groups and finding the average of each of these groups,
the distribution of these averages may be considered normal and
statistical tests may be performed on them.
One of the most common statistical tests is the confidence
interval on the mean:
(X - t

CL

(1- 2)(n-1)

w<

x+

t

sx

(1- ~)(n-1)

-)

rn

(13)
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where:
W= the true mean of the distribution

X= sample mean
t

(1- ~)(n-1)

= value of Student-t distribution at a level
of confidence of (1- ~) with (n-1) degrees
of freedom

SX
n

= standard
= number of

deviation of sample
tests or groupings of the data

The error, E, may be approximated by:
E

= IX - wI .

t ·.
( 1-· ~) ( n- 1 )

<

sx

rn

( 14)

The relative percentage error, RE, is then given by:
RE

=

I

x

X

100

(15)

Thus the confidence of the simulation study may be found by
1.

Specifying the level of confidence, say 95 percent

2.

Specifying the relative percentage error

3.

Finding the standard deviation and the sample mean from
a simulation study using a sample size n

4.

If the sample size is insufficient to obtain the desired
relative error, the sample size is increased and simulation
is repeated

In any Monte Carlo simulation a knowledge of the probability
distributions of the variables is required.

In this study the
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probability distributions used for all of the variables were
triangular distributions . The triangular distribution has been used
by Ha1strom( 2 ?) in the study of oil field production, by Spro\v( 25 )
in the evaluation of research expenditures and by Gaddy( 2B) in the
study of ammonia plant economics .

These studies indicate that the

triangular distribution provides a good description of reality.
The triangular distribution is a three constant distribution .
The required information is the minimum, the most likely and the
maximum value of the random variable.

The distribution is completely

defined using the above information in the following way(JO):

f(x) =

-2xm

x

2 ( 1-x)
1-m

x

<

m
(16)

>

m

where:
X

= random variable

m = (most likely - minimum)/(maximum - minimum)
f(x)

= probability

density function of x

The cumulative distribution in turn is defined by

x2

F(x)

-m

0 <

2
(1-x)
1 - 1-m

m<

=

-

x

-

m

X <

1

<

(17)
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These equations formed the basis for generating the value of
the random variables using random numbers.

The triangular distri-

bution was used throughout this study to represent the random
variables.
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IV.

DEPENDABILITY AIJD PROCESS

DESIGI~

In the previous section the concept of dependability and the
way in which it may be found using t1onte Carlo simulation was defined.
This section wi .l l demonstrate the use of dependability as a design
criteria.
A.

Problem Statement
Consider the following design problem.

A process to produce

product B consists of a reactor and a distillation column.

Compound

A is to be broken into compounds B and C in a ideal stirred tank
reactor according to:
A

+

(18)

B+ C

The reaction is first order and irreversible and the reaction rate
expression is as follows:
RATE

= -

~

=

(19)

k[A]

where:
[A]

=

concentration of A

k = first order rate constant
t = time
The rate constant, k, is known with a precision of

± 10

percent.

By the selection of different catalysts, differing rate constants
may be obtained (Table I).

The expected value of the flow rate of

A is 10 cubic feet per minute v.Jith a density of 0.5 pound moles per
cubic foot.

The composition of the feed stream may be regarded as
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TABLE I
DESIGN DATA

A.

Component Properties

Component

Relative Volatilities

A

0.4

130

B

1.2

60

c

1.0

70

B.
Catalyst

Molecular Weight
(pounds per pound mole)

Reaction Rate Constants
Rate Constant
(minutes - 1 )

1

10

±

1.0

2

2.0

±

0. 2

3

0. 2

±

0.02
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100 percent A.

Variations in flow rate of A to the reactor of

±

10

percent are expected due to external influences.
It is desired to recover 90 percent of product B with a purity
of 95 percent B in a distillation tower.

The distillation column is

regarded as having a 100 percent tray efficiency.

The appropriate

The external reflux ratio (~) is

design data are given in Table I.
to be set at 1.2 times the minimum.

Due to expected external fluc-

uations in cooling water and steam flow rates, the reflux ratio is
expected to vary

±

10 percent from the most probable value of

1 • 2 (~)MIN·
A material balance on the process using catalyst 1 and the most
probable values of all uncertain parameters yields a distillate flow
rate of 3.95 pound moles per minute with a composition of 95 percent
Band 5 percent C.

It is desired that the final design deliver at

least 3.95 pound moles per minute of a distillate composed of 95
percent B.

If the design delivers less than this specified flow rate

or if it delivers a product of lower purity, the system may be
regarded to have failed.

Management has decided that a 5 percent

failure rate is allowable or that the process must be 95 percent
dependable.
B.

Process Model
To provide a basis for equipment design a process model was

developed.

For a first order irreversible reaction the reactor may
be described by the following equation( 31 ):

co

(20)
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where:
C0
k

=

feedstock concentration of A
reaction rate constant

=

V = volume of reactor

Q = feedstock flow rate

c1

=

exit concentration of A from reactor

To describe the distillation column the Fenske-UnderwoodGilliland correlation for multicomponent distillation( 32 ) was used.
In this correlation the minimum number of stages for a desired
separation is given by:
(21)

where:
(x 1;x 2 )p

=

ratio of mole fractions of two components on
the upper tray

(x ;x ) 0
1 2

=

ratio of mole fractions of two components on
the bottom tray

a

1

n

=

relative volatility of component 1

=

minimum number of stages for desired separation at
tota 1 reflux

In this correlation x

2

is normally the heavy key component, in this

case compound C.
L

The calculation of the m1n1mum reflux ratio (IT) MIN may be
33
performed by use of the Unden'lood re 1 a ti on ( ):
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(22)
where:

a;

relative volatility of component i

=

x0i

=

mole fraction of component i in the distillate
stream

e = constant found by

us~

of Equation (23)

The value of e may be found by solving Equation (23):

(23)
where:

a;

relative volatility of component i

=

ZFi

=

mole fraction of component i in feed stream to
distillation column

q

=

1 for a saturated liquid

This equation is solved by trial and error for the correct value of

e which in turn is used in Equation (22) to obtain the minimum reflux
rat i o ( LI D) r~ I N•
With the information obtained from the above equations, the
actual number of stages for the operating column may be found from
the Gilliland correlation.

The Gilliland correlation has been
expressed in several forms. Perry( 34 ) gives the usual representation
in the form of Figure 13-43. Liddle( 3S) has correlated the data of
Gilliland and expressed it in a form useful for computer studies.
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In this study, the correlation used was that given in the CHESs( 36 )
subroutine DIST:
(24)

where:

z=

(L/D)OP - (L/D)MIN

-~~:-t""------::----

(l/D)op + 1

y

=

s

= actual number of stages
= minimum number of stages

n

s-n
S+T

Using the above design equations, a hand calculation was done to
check the workability of the model.

Using the same reactor volume

(5 ft 3 ), a computer model of the system was built and tested against

the hand calculation.

Agreement was sufficiently good (3.58 percent

on number of stages required) to conclude that the model could be
used in a Monte Carlo simulation of the process.
In this study, the operating reflux ratio was taken to be:
(!:.)

D OP

= p(!:.)

D MIN

(25)

where:
p
C.

=

1.2

±

10 percent

Dependability
The object of this particular study was to find a combination

of the volume of the reactor and the number of stages in the
distillation column that would supply a distillate of 95 percent B
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at a flow rate of 3.95 pound mole per minute 95 percent of the time.
Using the previously defined concept of dependability, the following
may be stated:

D = 0.95

(26)

where:
N5

= number

of successes,

i~~.,

the number of times the flow

rate was equal to or greater than 3.95 pound moles per
minute and the purity of B was 95 percent or greater
NT

=

total number of tests

D = dependability
It should be noted that under the assumption of steady state
operation from one time increment to the next, the time scale in
this study was arbitrary.

The time increment may be thought of as

hourly or daily with no effect on the results of this study.

This

lack of effect on the results is because transient effects were
ignored.
Due to the way that the model routine was constructed, an
equivalent but slightly different mode of counting success was
necessary.

The model forces the distillate concentration of B to

be 95 percent by the material balance calculation on the distillation
column.

The number of stages in the column necessary for this split

is in turn calculated by the model routine.

Therefore, to count the

successes. the routine compares the number of stages necessary for
the required split and a given design (a certain fixed number of
stages).
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D.

Discussion of the Data Used
In this problem, the rate constant (k), the feedstock flowrate

of A, and the multiplier p in the operating reflux ratio all had a
range of uncertainty of

±

10 percent of the reported value.

To

represent this uncertainty, triangular probability distributions
were assigned to each of these variables.

The most probable value

was equated to the reported value given in Table I and the minimum
and maximum values were assigned using the
range of uncertainty for each variable.

10 percent maximum
A subroutine, PARAt·1T( 3?),
±

based on the cumulative distribution of a triangular probability
distribution, was used to generate values of the random variables
from random numbers. The random number generator used was the IBM
subroutine RAND( 3S) with initializing points being called from the
IBM 360-50 internal clock.
E.

Calculation of Dependability
To calculate the dependability by a simulation method, it was

necessary to subject the process model to many tests.

At a specific

value of the reactor volume and number of stages, the program would
perform the following operations:
1)

obtain random values of rate constant, k, and flow rate, Q,
for use in Equation (20)

2)

solve for the reactor effluent concentrations and flow rate
from Equation (20) and a material balance

3)

obtain a random value of reflux ratio, p
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4)

solve Equations (21) through (25) for a value of the number
of stages and the quantity of product, B.

The value of e

was considered constant for these calculations.
5)

determine whether the quantity of product was 3.95 pound
moles per minute or greater

6)

determine whether the number of stages required for the
separation was less than or equal to the number provided

7)

if the conditions in 5) and 6) above were met, the process
was operating satisfactorily

8)

repeat steps 1-7 and calculate the dependability by
Equation (26)

Since e is dependent on the random exit concentrations of A, B,
and C, there was doubt as to whether e was constant at a given design.
For a number of different designs, the model was tested 30 times and
for each design it was found that e was essentially constant with a
value, in all cases, close to 1.09.
F.

Error Stud,v
To determine the required number of tests an error study was

performed.

Since the output distribution of the flow rate and the

required number of stages for a separation is unknown, the data must
be grouped to insure that standard statistical tests of confidence
limits may be applied.

The process model was sampled eight times

and a dependability was calculated from these data.

This calculation

was repeated a specified number of times and the resulting data
analyzed for its standard deviation and mean.

By the Law of Large
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Numbers( 3g) the data generated should have approximately a normal
probability distribution.

Thus the mean and standard deviation
found could be used in a Student-t confidence limit test( 40 l, as has
been explained previously.
Table II presents the results of the calculations of the
relative percent error computed by Equation (16) for various numbers
of sample sizes.

The level of confidence used in these computations

was 95 percent.

TABLE II
MAXIMUM OBSERVED RELATIVE ERROR AS A FUNCTION
OF THE NUMBER OF TESTS
Number of Tests
40

Relative Error (Percent)
12.6

96

7.32

120

3.97

400

2.81

600

2.56

1000

1.01

From the data of Table II, it was determined that a dependability
based on 150 process model samples would yield results of sufficient
accuracy for this study .

Increased accuracy would not justify the

added computer time required for additional samples.
Another point that was considered in the error study was the
convergence criteria used in a search routine to find the 95 percent
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dependability level.
within

±

The search routine was designed to converge to

1 percent of 95 percent dependability.

If the distributions

of the resulting converged dependabilities are considered normal in
this region and if the distribution of the means in the confidence
interval is considered normal, the relative errors would be additive.
Under these conditions, the total error at any point is the sum of the
relative error defined by equation (16) and the 1 percent convergence
level used ·in the search routine.

The total error for a search

routine based on 150 samples of the process model and a 1 percent
convergence criteria, assuming these are additive, is 5.04 percent.
G.

Search Routine
The object of this study was to find a combination of reactor

volume and number of stages in the distillation column that would
yield a process dependability of 95 percent.

There are an infinite

number of combinations of reactor volume and number of trays that
will satisfy this requirement.

Thus a search routine was developed

that would trace the 95 percent dependability contour on the surface.
The search used was based on the half interval method between a point
above and a point below the contour until a specified convergence
criteria had been met.

Once a point was found on the contour, the

number of trays in the distillation column was incremented and the
previously determined contour point was used as the new starting
point for the search routine .

A complete listing of this routine is

given in Appendix A.
H.

Results of Simulation
When dealing with a tray type distillation column, a fractional
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number of trays has no meaning.

The fact that no fractional trays

exist causes the contour searched in this study to be discrete.
Only at an integer number of trays does the dependability have any
physical meaning.
In Figures 1 and 2 the 95 percent dependability contour is
traced as a function of reactor volume and the number of trays.
Three different reaction rate constants were studied.
the resulting contours may be readily explained.

The shape of

At high values

of the number of stages. there is a certain minimum reactor volume
below which it becomes impossible to supply the specified flow rate
of distillate.

At this volume the contour becomes asymptotic to the

minimum reactor volume.
As the number of stages decreases. a point will be passed below
which it becomes impossible to supply enough B to keep the composition
of the distillate above 95 percent B regardless of the reactor volume.
At this point (56 stages). the composition constraint stops the
contour.
The absolute minimum number of stages for the desired separation
is 50.

This calculation was based on an infinite reactor volume. a

L
maximum reflux ratio of 1.32(IT)MIN•
and a maximum reactant flow rate

of 11 cubic feet per minute.

Below this number of stages, it is

impossible to meet the distillate specifications regardless of the
reaction rate constant.

For a finite reactor volume the minimum

number of stages is above 50; thus it is readily understood why the
dependability contour increases rapidly as the number of stages
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approaches 50.

Thus the shape of the dependability contour is a

constrained hyperbola.
At large values of the rate constant (10 min- 1 ) essentially all
of reactant A has been converted into B and C causing the horizontal
flat portion of the contour to occur at a low volume.

From

Equation(20)the important variable that influences the exit concentration is the product of rate constant, k, and the volume of the
reactor, V.

Using the data obtained at various values of reaction

rate constant it was found that the product kV had a value of
approximately 80 cubic feet per minute for the number of stages
exceeding 58.
It should be noted from Figures 1 and 2 that the point of
increase from the constant volume section of the dependability
contour occurs at 58 stages in the distillation column for all values
of the rate constant.

The necessary volume to supply the required

distillate increases from 40 cubic feet at 59 stages to 48 cubic
feet at 56 stages.

This change is a 20 percent increase in the

required reactor volume for a change in the number of stages of
5 percent.

This increase shows how sensitive one design parameter

may become to slight changes in another.
If the design were based upon the most probable (and average)
values of flow rate, rate constant and reflux ratio a volume of
40 cubic feet and 56 stages is obtained.

This design would fall

below the 95 percent dependability requirement and would not meet
design specifications .
not be adequate .

Therefore, designs based upon averages may
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I.

Economic Analysis
In the ultimate analysis an engineering study provides information

that can be used to judge the desirability of alternate designs.

For

this problem, there are many combinations of reactor volume and stages
that satisfy the design criteria.

Therefore, the decision of the

proper volume and stages must be based upon economics.
Thus,an economic study was completed for purposes of illustration
using a reaction rate constant of 2 min- 1 . Using the cost information
given in Peters( 41 ) for 50 psig jacketed reactors the following cost
function for the reactor was developed:
COST = 1 . 24 x 10 (0.484 logV(7.48) + 2.50)

(27)

where:
V = reactor volume in cubic feet
COST = purchased cost of the reactor (1973)
Similarly a cost relationship was developed for the distillation
column from information given by Guthrie( 42 ):
COST= 3.73x10 3 (D-10) + 1.24x10 3 (N-50) + 398N + 6.21x10

4

(28)

where:
D = column diameter (feet)
N = number of stages
COST = purchased cost of distillation column (1973)
To find the installed cost of the reactor, a Lang factor of 4.0
was used( 43 ).

For the distillation column a Lang factor of 4.1 was

used( 43 ) to obtain the installed cost.
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As can be seen from Equation(28)the cost of the distillation is
dependent on the diameter of the column.

The diameter of the column

is dependent on the input flow rate, the reflux ratio, and the volume
of the reactor.

Since all of these parameters are random variables

the column diameter was checked at several values to determine if it
was constant.

The column diameter was found to be constant with a

diameter of 14.75 feet.
A profit function was then created which would give the profit
as a function of the plant design:
PROFIT = (0.5)[COSTB(X 80 )D - COSTA FA - 0.3(CDIST + CREAC}J

(29)

where:
COSTB = price of B ($.30 per pound mole)
COSTA = cost of A ($ .125 per pound mole)
CREAC = installed cost of the reactor
CDIST = installed cost of the distillation column
XBD = composition of B in distillate (mole fraction)
D = distillate flow rate (pound moles per year)
F = reactant A flow rate (pound moles per year)
A

This function assumes a 50 percent tax rate with money worth 10
percent.

Table III gives the profit as related to the plant design

at a dependability of 95 percent.
As can be seen from Table III, the profit increased about 20
percent as a result of the computer search.

It should be noted the

most economic design was found to be at a reactor volume of 48 cubic
fe.et and 56 stages in the di sti 11 ati on tower.
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TABLE III
PROFIT AS RELATED TO PLANT DESIGN
Number of
Stages

Reactor
Volume
(ft 3 )

Diameter
of Column

Profit
(do 11 a rs)

67

40

14.75

62,500

66

40

14.75

63,500

65

40

14.75

64,500

64

40

14.75

65,200

63

40

14.75

66,000

62

40

14.75

67,000

61

40

14.75

67,000

60

40

14.75

67,500

59

41

14.75

70,000

58

42

14.75

70,800

57

44

14.75

74,870

56

48

14.80

76,800
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An increase in number of stages at the minimum reactor volume
decreases the profit.

Decreasing the number of stages reduces the

cost of the column, but below 58 stages an increased reactor volume
is required.

However, the amount of product is also increased, so

the maximum profit occurs at the composition constraint, 48 cubic
feet and 56 stages.
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V.

OVERDESIGN AND POLLUTION CONTROL

The concept of dependability or workability of a process may be
a peripheral consideration relating to process economics and not the
primary design consideration.

As an illustration, consider the

following pollution control problem.
A.

Problem Statement
It is required to design an activated sludge plant to treat a

wastewater stream which averages S million gallons per day (mgpd)
and 305 ppm BOD 5 to meet an effluent requirement which does not exceed
2S ppm for 30 day average and does not exceed 63 ppm at any time.
This effluent requirement is from Illinois regulations< 44 ) and is
typical of regulations in many other states.
The design of these processes is, in general, based on the
following relationship( 4 S, 46 , 47 ):

(30)
where:

= influent

si

wastewater concentration (ppm BODS)

Se = effluent wastewater concentration (ppm BODS)
K = reaction rate constant (0.0008 ppm BODS -1 - hr -1)
20
SM = concentration of organisms in reactor (2SOO ppm BODS)
t

=

reactor residence time (hrs)

The reactor volume, V (gallons), required to accomplish the desired

soo removal is computed as the product of the reactor retention
5

41

time, t, and the volumetric flow rate, F {gal/hr).

Substitution

of this product into Equation (30) and solving for the volume yields:
(31)

Consider also that the wastewater flow rate and inlet concentration vary randomly, from day to day, according to the data given in
Figures 3 and 4.

These data, presented as triangular probability

distributions, show that the concentrations will vary from a minimum
of 160 ppm to a maximum of 500 ppm, with a most probable value of
250 ppm.

The flow is expected to vary from 3. 5 mgpd to 6.9 mgpd with

a most likely flow of 5 mgpd. These variations are representative of
the measurements of Busch( 48 ), Streebin( 49 ), and Loehr( 50) for
refinery, cannery, and domestic wastes, respectively.
Busch( 4 B) has studied the performance of an activated sludge
pilot plant in a petroleum refinery application.

He found that the

flow rate varied from 2600 gallons per minute {gpm) to 4000 gpm.
Accompanying this variation was a random fluctuation of the organic
loading from 5200 pounds per day to 10,000 pounds per day.
Streebin( 49 ) studied a full scale demonstration waste treatment
plant for a vegetable cannery.

He found that the flow rate varied

from 350,000 gallons per day to 1,910,000 gallons per day.

Variations

in influent concentration from 2400 milligrams per liter chemical
oxygen demand (COD) to 5550 milligrams per liter COD were observed
for the cannery.

These wide variations were due to the wide range

of processing requirements for different vegetables.
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Loer( 50) surveyed 73 cities in 27 states and found variations
in per capita waste flow rates from 30 gallons per day to 400 gallons
per day.

The organic loading was found to vary from 0.1 pounds per

capita per day to 0.48 pounds per capita per day.
From the results of these studies, the range of variation in
the flow rate and the influent concentration for the problem under
study were chosen.
The designer can use the model of Equation {31) to compute the
reactor volume; however, since F and S.1 are variable, he is not
certain what values to use in calculating a volume that will produce
an acceptable effluent concentration.

The values generally chosen

would be the most probable {or perhaps the averages), i.e.,
F

= 5 mgpd, Si = 250 ppm, and Se = 25 ppm. Using these values in

Equation (31), a volume of 9.4 x 10 5 gallons (11.8 x 10 5 gallons if
using averages) would be required.

This reactor size would insure

that the most probable (or average) effluent concentration does not
exceed 25 ppm; however, it does not insure that the 30 day average
does not exceed 25 ppm.
margin of safety, but

11

An overdesign factor could be used as a
how much

11

overdesign is adequate?

In this study the term overdesign factor was defined as follows:

O.D.
where:

o5 = design
DM

=

with safety incorporated

design based on most likely values of uncertain
parameters

{32)
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O.D.

=

overdesign factor

The overdesign factor is sometimes called the safety factor.
B.

Overdesign Procedure
Since the flow rate, F, and the influent concentration, S., are
1

random variables with probability distributions given in Figures 3
and 4, the effluent concentration, Se , will be a random variable
with some probability distribution.

As can be seen from Equation (30),

the probability distribution of S is dependent on the volume, V.
e
Thus it is necessary to examine the distribution at several volumes
and choose the volume that will produce an effluent of the desired
quality.
To determine the effluent probability distribution stochastic
simulation was used.

The simulation was performed as follows:

1)

choose a reactor volume

2)

using stochastic simulation, obtain 30 random values
of flow rate and concentration and compute 30 values
of the effluent concentration

3)

average these 30 effluent concentrations

4)

repeat steps 2 and 3 many times and observe the
maximum 30 day average effluent concentration

5)

if the maximum 30 day average effluent concentration
is not 25 ppm, choose a new volume and repeat.

The procedure involves many samplings from the model to obtain the
correct volume.

c.

Design of a Typical Wastewater Treatment Plant
To illustrate the above procedure, the example given in section

A has been solved using stochastic simulation and the data given in
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Figures 3 and 4 with the model given in Equation (31).

The flow rate

and the influent concentration were considered independent.

Daily

time intervals were used in the simulation and variations in flow
or concentration during a day were not considered.

The unsteady

state period following any daily fluctuations was also ignored.
The randomness of the flow rate and concentration was simulated
using the data given in Figures 3 and 4 as described in Chapter III.
Thirty values of effluent concentration were calculated from the
process model to represent a 30 day period.

The effluent concentra-

tion was averaged over each 30 day period and this average concentration was the variable that was investigated with respect to the
Illinois regulation.
Table IVA gives the maximum 30 day average effluent concentration
observed for various reactor volumes for trials of 20, 50, 100, 500,
and 1000 of the 30 day

p~riods.

The data are shown at various

overdesign factors, which are related to the reactor volume necessary
when the most likely flow and concentration are used (9.4 x 10 5
gallons).

For the data used in this simulation, the maximum effluent

concentration could not exceed 63 ppm BOD 5 for an overdesign of 10
percent or greater, so that this part of the regulation is always
satisfied, except at zero overdesign.
Table IVA shows that the overdesign required to meet regulations
is between 40 and 50 percent regardless of the number of trials.
However, by interpolation, the proper overdesign factor increases
from 0.43 to 0.48 for sample sizes of 20 to 1000.

Figures 5 and 6
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TABLE IV
SIMULATION DATA FOR OVERDESIGN OF WASTEWATER TREATMENT FACILITY

A.

Maximum 30 Day Average Effluent Concentration

Number of
30 Day
Trials

.0

.1

20

34.6

32.5

29.7

50

34. 1

30.4

100

35.5

500
1000

Overdesign Factor
.2
.3

.4

.5

27.4

25.8

22.3

29.6

26.0

25.8

23.7

31.4

29.2

27.6

26.1

23.6

36.8

32.9

30.9

28.1

26.6

24.1

36.9

32.9

30.9

28.6

27.4

24.8

B.

Average Values of Effluent Concentration

Number of
30 Oay
Trials

.0

.1

Overdesign Factor
.3
.2

20

30.8

28.3

26.1

50

30.8

28.3

100

30.9

500
1000

.4

.5

24.7

23.1

21.3

26.2

24.4

22.7

21.3

28.3

26.2

24.3

22.9

21.4

30.9

28.4

26.2

24.3

22.7

21.3

30.9

28.4

26.2

24.2

22.7

21.3
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are plots of the data given in Table IV.

As expected, the necessary

amount of overdesign increases with the number of trials, until a
sample size of 500 is reached.
with additional trials.

No further improvement is obtained

It may be concluded that an accurate

overdesign can be achieved with a sample size of 500.

Each value in

Table IV requires about 6 seconds of time on an IBM-360-50 for 500
trials.
An error analysis based on the Student-t distribution was
performed.

The relative error in the mean was calculated for each

sample size of 30 day periods.

For a 95 percent level of confidence,

these errors were computed to be about 2.0, 1.1, 0.8, 0.1, and 0.06
percent, respectively, for the 20, 50, 100, 500, and 1000 sample
sizes.

These values are seen to be of little use in deciding upon

the proper sample size for this type of regulation.
From the values generated by the simulation, the probability
distribution of the 30 day average effluent concentration can be
tabulated.

Figure 7 is a plot of this distribution for an overdesign

of 48 percent for 500 trials.

From the Central Limit Theorem it may

be predicted that the distribution of 30 day averages would be a
normal distribution.
distribution.

The normal distribution is a symmetric unimodal

Thus, the expected value of the distribution should

occur at a cumulative probability of 0.5.

This expected value was

observed in Figure 7, which lends support to the selection of 500
trials as appropriate.
It is noted that, while the maximum 30 day average for this
distribution is 25 ppm, the expected value is only 21.6 or about
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20 percent below the maximum.

The average value of the effluent

concentration are shown in Table IVB and it is noted that they
are considerably below the values in Table IVA.

From Table IVB,

a design to produce an average of 25 ppm would include a factor of
overdesign of only 26 percent (for 500 trials) or about half the
correct amount.

As can be seen by interpolation in Table IVA, this

amount of overdesign would produce a maximum 30 day average effluent
of about 30 ppm, in violation of the regulation.

The cumulative

distribution for an overdesign factor 0.26 is given in Table V.

The

distribution shows that the effluent would be in violation of the
regulation 52 .percent of the time.

Thus, designs based upon the

true average and the 30 day average may be considerably different.
In this study considerable, extra data have been generated for
illustration purposes.

The engineer is interested in only the one

value of overdesign required to meet the regulations.

Unfortunately,

this value is not deterministic, since it cannot be judged that the
plant meets the regulation until a value of the reactor volumn is
chosen and the simulation performed.

Figure 6 is a plot of the

maximum observed 30 day average effluent concentration against
overdesign factor.

The proper overdesign is seen to be 48 percent.

This value could always be found by generating enough points to plot
the function.

However, the designer might employ a search technique,

such as the Fibonacci method, to more efficiently find the design
point.

It might also be found, that some functional relationship

holds between overdesign and process performance that would permit
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TABLE V
CUMULATIVE PROBABILITY DISTRIBUTION FOR EFFLUENT CONCENTRATION
AT OVERDESIGN FACTOR OF 0.26

Concentration {ppm BOD 5 )

Cumulative Probability

20.969

0.002

21.359

0.004

21.748

0.006

21.138

0.008

22.527

0.016

22.917

0.046

23.306

0.094

23.696

0.140

24.086

0.230

24.475

0.336

24.865

0.462

25.254

0.578

25.644

0.684

26.033

0.758

26.423

0.84

26.813

0.904

27.202

0.946

27.592

0.980

27.981

0.988

28.371

0.998
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an even more efficient solution.

The example presented is simplified

by the fact that there is a single design criterion, reactor volume.
At this point, it is interesting to compare the overdesign required
for a different type of effluent regulation.

Missouri has guidelines

that limit effluent concentrations to a maximum of 25 ppm BOD 5 (Sl).
The overdesign needed to meet this requirement can be calculated from
Equation (31) using the maximum possible values ofF and s . This
1
5
computation produced a volume of 27.3 x 10 gallons, corresponding to
an overdesign factor of 1.9, or about four times as great as required
in Illinois tQ solve the same problem.

This very large difference

in designs illustrates the importance of establishing realistic
regulations.

While two regulations both specify the same effluent

quality, one, which permits some averaging, would cost about one half
as much as the other . . This illustration suggests a dramatic need for
a common criterion for establishing regulations that considers the
variable nature of the control equipment.
D.

Dependability as a Regulation
If regulations recognize that treatment facility performance will

be variable, perhaps according to some probability distribution,
ideally they should specify the distribution needed to minimize
adverse effects upon the environment.

This distribution cannot, of

course, be controlled by a fixed equipment design since it depends
upon the distributions of the input variables, such as flow and
concentration.
Perhaps the best approach to specifying the complete distribution
is to specify the percentage of time a certain effluent quality
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cannot be exceeded.

This is, of course, the cumulative probability

of a particular value of the effluent concentration, which has been
defined as dependability and is redefined for this problem by
Equation (32):
5e(MAX)

D=

f

(32)

f(Se)dSe

-oo

where:
D = cumulative (less than) probability that the effluent
concentration, Se' will not exceed some limit, Se(MAX)
f(Se)

=

probability density function of effluent
concentration

To illustrate this concept, the problem stated in section A was solved
to find the correct overdesign to meet the Missouri regulation.
The probability distribution of the effluent concentration,
f(Se)' is dependent upon overdesign, thus simulation was required.
The procedure for finding the effluent distribution using stochastic
simulation has been demonstrated earlier.

This technique was used

to compute dependabilities of the treatment plant of the prior
example for a value of Se(MAX) of 25 ppm.

Each value of dependability

was based on 300 samples from the process model.
computations are plotted in Figure 8.

The results of these

As noted, for a dependability

of 100 percent (Missouri guideline), an overdesign factor of 1.9 is
required.

An overdesign factor of 1.0 produces a process dependability

of about 96 percent.

For an overdesign factor of 0.48 (25 ppm for 30

day average), the dependability is only about 60 percent.
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It is interesting to examine the cost of providing increasing
dependability for a wastewater treatment plant.

Figure 9 is a plot of

the investment required for various overdesign factors. The investment data are from Jelen( 52 ). The plant with no overdesign costs
about $1.8 x 106 , whereas a facility that is 100 percent dependable
costs about $5.5 x 10 6 . These cost figures are in 1973 dollars. Such
a range of costs emphasizes the need for prudence in the selection
of dependability.
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VI.

CONCLUSIONS AND RECOMMENDATIONS

Several conclusions were reached as a result of this study.
1.

Stochastic simulation was found to provide a quantitative

method of overdesign of processes involving parameter uncertainty.
This method is applicable to systems with complex models and a wide
number of variables.
2.

The use of the average or expected value was found to be

inadequate in specifying a design unless average performance over a
long period of time is the prime consideration.

The use of the

average or expected value criteria was found to underdesign the
processes in the examples studied.
3.

The concept of dependability was found to be useful in the

design of chemical processes.

It would be appropriate for a wide

variety of problems where the dependability could be defined to suit
each case.
4.

The selection of the level of dependability which the process

must meet is primarily one of economics.

The increased operating cost

of a lower dependability must be balanced against the investment
savings gained.

Further research should be done to develop a method

of finding the optimum dependability level for a given system.
5.

When dealing with many design variables, the dependability

contour constitutes a surface in hyperspace.

To find the most

economical point on this contour, a computer search routine can be
employed efficiently.

Further research should be done to develop

improved procedures for searching for the dependability on the surface.
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Since there are many combinations of the design variables that will
produce the same dependability, the selection of the proper combination must be based upon economics.

In this study, the profit could

be improved by 20 percent by searching the 95 percent dependability
region.
6.

The 95 percent dependability contour for the process involving

a reactor and distillation tower was found to be hyperbolic in shape
with a

constrai~t

at the minimum number of stages of 56.

For the

activated sludge process, a plot of dependability versus overdesign
was found to have an exponential shape converging to 100 percent
dependability at 190 percent overdesign.

Further study might confirm

general forms of these functions for various distributions of input
random variables.
7.

For the two variable problem (Chapter IV), a total error of

5 percent could be obtained by using a sample size of 150.

For a

single variable problem employing a maximum average criterion
(Chapter V), a sample of 500 was required to obtain reasonable
accuracy.
8.

The maximum type regulation, Missouri, was found to be a much

stricter regulation than one in which some averaging is allowed, such as
Illinois.

Regulatory bodies should take greater care in the definition

of pollution control regulations.

Dependability might be a better

means of defining pollution regulations.
9.

It was found that normal error analysis methods are inadequate

to determine the required sample size when dealing with Illinois type
pollution regulations.

The sample size must be determined empirically
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from the results of previous simulations.

Further study should be

done to find better statistical tests for this type of problem.
10.

Further research should be done into the shape of the output

probability distribution as a function of overdesign for a given
process.

There is a possibility that some relationship may be

developed between the form of the distribution and the amount of
overdesign.

This could greatly reduce the amount of computer time

used.
11.

A study similar to this one should be done taking into

account the transient behavior of the processes.

This would be even

a better representation of reality and could yield information
pertaining to the control of the process as related to design.
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APPENDIX A

Chemical Plant Simulation Program
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The following is a listing of the computer program used in the
chemical plant simulation study.
The main line program has the half interval search routine
incorporated into it.

The main line also calculates the process

economics and writes the results of the search.
Subroutine DEPEND calculates the dependability of the process at
a given reactor volume and number of trays in the distillation tower.
Subroutine MODEL is the process model and contains all information required to design the process given the reactor volume, the
reaction rate constant, and the reflux ratio.
Subroutine PARAMT converts a random numbers generated by IBM's
random number subroutine RAND to a random value of a variable using
the triangular probability distribution.
The main line program requires the following data:
QMIN

= minimum

flow rate of reactant A to reactor (cubic

feet per minute)
QLIKE = the most probable value of the reactant flow rate
(cubic feet per minute)
reactor (cubic feet
QMAX = maximum flow rate of reactant in
per minute)
REFLM = minimum value of P in Equation (25)
REFLL
REFLMX
RKMIN

= most
=

probable value of P in Equation (25)

maximum value of P in Equation (25)

= minimum

value of the rate constant for Equation (20),
(minutes- 1 )
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most probable value of the rate constant (minutes- 1 )
R~~AX = maximum value of the rate constant (minutes- 1 )
RKLIKE

=

These data are read in groups of three using a 3Fl0.2 format.

The

flow rates, the reflux ratio constants, and the rate constants are
read from the same cards.
In addition the search routine requires an initial point:

V(l)
NUM

=

initial reactor volume (cubic feet)

= initial

number of stages in the distillation tower

These data are read from one card using Fl0.6, 14 format.

The program

will generate a table of results with the following headings:
VOLUME(Ft**3)
DIA(Ft)

=

=

reactor volume (cubic feet)

distillation tower diameter calculated at the
base (feet)

NUM STAGES
DEP

=

number of real stages plus one

= Dependability

Profit

= Profit

of process

as defined by Equation (29)

The tabulated number of stages is one greater than the actual number
of stages due to the way the computer program tests for the dependability.
Since a fractional part of a stage must be counted as an entire
stage, the number of stages in the

actu~l

column will be one less

than the number outputed.
Each point on the contour takes approximately 30 seconds to find.
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1
2

3
4
5
6

7
8
9

10

/WAT5 CN146019,TIME=10,PAGES=030 GADDY J L
DIMENSION V(3)
COMMON QMIN,QLIKE,QMAX
COMMON REFLM,REFLL,REFLMX
COMMON RKMIN,RKLIKE,RKf'~AX
c
READ DATA
READ(1,11) QMIN,QLIKE,QMAX
READ(1,11) REFLM,REFLL,REFLMX
READ(l,11) RKNIN,RKLIKE,RKf\1AX
READ(1,12)V(1),NUM
12 FORMAT(Fl0.6,14)
11 FORMAT( 3F10.2)

c

11

12
13
14
15
16
17
18

19
20
21
22

23
24
25
26
27

37

15

c

28

29

c

C

30
31
32
33

34
35
36

c

C
37
38

39
40
41

RANDY

WRITE(3,37)
FORMAT(• VOLUME (FT**3) 1 ,2X, 1 DIA (FT) 1 ,5X, 1 NUM STAGES 1 ,4X,
1
DEP 1 ,15X, 1 PROFIT ($)•)
NUMR = NU~1
P=O.
KK=O
KR=O
RK =0.
V(2)=0.
K=O
V(3)=0.
REQD=.95
I=1
TEST TO SEE IF ABOVE OR BELOW THE DESIRED CONTOUR
CALL DEPEND(V(1),NUM,DEP,I)
1=2
ERROR=(DEP-REQD)/REQD
I~( ERROR .LE. -.01) GO TO 20
IF(ERROR .GE •. 01) GO TO 30
V(3)=V(1)
GO TO 50

ABOVE CONTOUR
30 V(2)=V(1)
V(1) = V(2)/2.
IF(KR .EQ. 1) V(1)=V(2)*2.
CALL DEPEND(V(1),NUM,DEP,I)
ERROR=(DEP-REQD)/REQD
IF(ERROR .LE. -.01) GO TO 20
IF(ERROR .GE . . 01) GO TO 30
BELOW
20 IF(V(2) .GT. 0.) GO TO 40
35 V(2)=V(1)+4.
IF(KR .EQ. 1) V(2) =V(1) -4.
K=K+1
KK=K
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42
43

44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87

c

C
40

c

50
C

10

55

60

IF(K .GE. lO) GO TO 55
CALL DEPEND(V(2),NUM,DEP,I)
ERROR=(DEP-REQD)/FEQD
IF(ERROR .LE. -.01) V(l)=V(2)
IF(ERROR .LE. -.01) GO TO 35
IF(ERROR .GE . . 01) GO TO 40
V(3)= V(2)
GO TO 50

CONVERGE TO THE DESIRED CONTOUR
V(3)=(V(2)+V(l))/2.
CALL DEPEND(V(3),NUM,DEP,I)
ERROR=(DEP-REQD)/REQD
IF(ERROR .LE. -.01) V(l)=V(3)
IF(ERROR .LE. -.01) GO TO 40
IF(ERROR .GE. ·.01) V(2)=V(3)
IF(ERROR .GE . . 01) GO TO 40
CONTINUE
COST ROUTINE
CALL MODEL(V(3),10.,1.2,2.,AN,DD,l,DIA)
CDIST=(320*NUM+3000.*(DIA-10.)+1000*(NUM-50)+50000)4.95
CREAC=.484*ALOG10(V(3)*7.48)+2.5
CREAC =4.1
*(338.8/263.)*10**CREAC
CA =.125*5.*24.*60.*365. *0.9
CB=.3*.95*DD*24.*60.*365 *0.9
PROF=(CB-.3*(CDIST-CREAC)-CA)*.5
WRITE(3,10) V(3),DIA,NUM,DEP,PROF
FORMAT(F12.3,F12.3,112,F12.4,F12.1)
IF(PROF .GT. P) P=PROF
PROFX= .8*P
IF(PROF .LT. PROFX) STOP
IF(KK .LE. 10) NUM =NUM-1
IF(KR .EQ. 1) NUM =NUM+3
IF(NUM .GE. NUMR) GO TO 60
VV=V(3)
V(1)=V(3)
GO TO 15
V(1)=VV+50
KR=1
RK=RK+1.
IF(RK .GE. 2.) STOP
GO TO 15
STOP
END
SUBROUTINE DEPEND(VOL,NUM,DEP,I)
DIMENSION AN(500)
COMMON QMIN,QLIKE,QMAX
COMMON REFLM,REFLL,REFLMX
COMMON RKMIN,RKLIKE,RKMAX
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IF(I .GE. 2) GO TO 25

88
89

90
91
92
93
94
95
96
97

QQ=(QLIKE-QMIN)/(QMAX~QMIN)

c

25

c

98

99
100
101
102
103
104
105
106
107
108

c
c
30

c

REF=(REFLL-REFLM)/(REFLMX-REFLM)
RKRK= ( RKL I KE-RKMIN) I ( RKMAX-RKHIN)
TEST MODEL
N=O
NN=l50
DO 30 K=1,NN
GENERATE RANDOM VARIABLES
YFL=RAND(O)
ZFL=RAND(O)
TFL=RAND(O)
CALL PARAMT(YEL,QQ,QQQ)
Q=QMIN+QQQ*(QMAX-QMIN)
CALL PARAMT(ZFL,REF,REFF)
REFL=REFLM+REFF*(REFLMX-REFLM)
CALL PARAMT(TFL,RKRK,RKRKRK)
RK=RKMIN + RKRKRK*(RKMAX-RKt~ IN)
II=I
CALL MODEL(VOL,Q,REFL,RK,AZN,DD,II,DIA)
AN(I) = AZN
IF(NUM .GE. AN(I) .AND. DD .GE. 3.95 ) N=N+1
CONTINUE

C CALCULATE DEPENDABILITY

109
110
111
112
113
114
115
116
117
118
119
120

121
122
123
124
125
126
127

c

c

c
c
c
c

X=NN
DEP=N/X
RETURN
END
SUBROUTINE MODEL( V,Q,REFL,RK,AN,DD,II,DIA)
DIMENSION ALPHA(3),F(3),D(3)
A0=.5
R=. 9
XD=.95
REACTOR ~~ODEL
A=A0/(1+RK*V/Q)
B=AO-A
C=B
A,B,C, IN POUND MOLES PER MINUTE
DISTILLATION MODEL
MATERIAL BALANCE
DD=R*Q*B/XD
BB=Q*(A+B+C)-DD
ASSUME ALL OF A IS IN THE BOTTOMS
XBD=0.95
XCD=.05
XAB=A*Q/BB
XBB=(B*Q-. 95*DD)/BB
XCB=1.-XAB-XBB
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128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159

160
161
162
163
164
165
166
167

c

SET VALUES OF RELATIVE VOLATILITIES
ALPHA(1)=0.4

ALPHA~2l=1.2

c
c
c
c

6
60
5
77
9
7
8

c
c
c

88

c
c

ALPHA 3 =1.0
SET MOLE FRACTIONS IN THE FEED
F(1)=A
F(2)=B
F(3)=C
SET VALUES OF MOLE FRACTION IN THE DISTILLATE
D(1)=0.0
D(2)=XBD
D(3)= XCD
START CAL OF DISTILLATION COLLUMN
AN=ALOG((XBD/XCD)/(XBB/XCB))/ALOG(ALPHA(2))
X=O.
CONVERGENCE ON THETA
IF ( I I •GE. 2) GO TO 88
TH=0.991
Y=0.01
DO 5 I=1,200
TH=TH+Y
CK=O. 0
IF(TH.GT.ALPHA(2) .OR. TH .LT. 0.99) GO TO 9
DO 6 K=1 ,3
CE=ALPHA( K)*F ( K)/ (ALPHA( K)- TH)
CK=CK+CE
IF(CK.LT.X) GO TO 60
Y=-0.001
IF(CK.LE.X.AND.Y.EQ.-0.001) GO TO 77
CONTINUE
CK=O. 0
GO TO 7
CK=O.O
TH= 1. 2
DO 8 I= 1, 3
CE=ALPHA(I)*D(I)/(ALPHA(I)-TH)
CK=CK+CE
GILLILAND CORRELATION
DLM=CK-1. 0
DL=REFL*DLH
Z=(DL-DLM)/(DL+1.)
W=0.40/(( Z/0.4)**0.15
AN=(AN+~~)/ (1 . -W)

)

CALCULATION OF COLUMN DIAMETER
GV=(1+DL)*DD
MW=XAB*130.+XBB*60.+XCB*70.
GV=GV*t~W/ 60.
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168
169
170

c

171

172
173
174
175
176
177
178
179

AREA~GV/(4.46*.0808)
DIA~SQRT(4.*AREA/3.14)

RETURN

END

6050
6060
6070
6080
6100

SUBROUTINE PARAMT (YEL,XX,XXX)
IF(YEL.GT.(1.-XX)) GO TO 6080
XXX=1.-SQRT(YFL*(1.-XX ))
GO TO 6100
XXX=SQRT(XX*(1.-YFL))
CONTINUE
RETURN
END

/DATA
VOLUME {FT**3)
40.000
40.000
40.000
38.750
39.500
39.500
38.883
40.883
40.563
44.563
44.563

DIA (FT)
14.74 7
14.747
14. 74 7
14.721
14.737
14.737
14.724
14. 765
14.759
14.733
14.733

NUf·1 STAGES
68
67
66
65
64
63
62
61
60
59
58

DEP
0.9533
0.9467
0.9533
0.9533
0.9467
0.9533
0.9533
0.9533
0.9533
0.9533
0.9533

PROFIT ($)
62512.8
63495.7
64478.6
64446.4
66044.9
67027 .. 8
67505.6
70078.0
70816.1
74870.3
75853 .. 3

APPENDIX B

Pollution Control Simulation Program
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The following is a listing of the computer program used to
generate the data discussed in Chapter V.
The program requires the following data:
XMIN

=

minimum flow rate of influent waste stream (GPO)

XMAX

=

maximum flow rate of influent waste stream (GPO)

XLIKE = the most probable value of the influent flow rate
(GPO)
CMIN

minimum concentration of influent waste stream

=

(ppm BODS)
CMAX

= maximum

concentration of influent waste stream

(ppm BODS)
CLIKE

= most

probable value of influent waste concentration

(ppm BODS)
These data are all read from separate cards using a FlS.6 format.

In

addition the program requires the overdesign factor, DESIG, as
specified in Equation (32).

This factor is read on a separate card

using a FlS.6 format.
The program will generate the following information:
MI~IMUM

CONC

=

minimum observed 30 day average effluent
concentration (ppm BODS)

MAXIMUM CONC

=

maximum observed 30 day average effluent
concentration (ppm BODs)

MEAN = average of all observed 30 day average effluent
concentrations (ppm BODs)
STANDARD DEVIATION

=

Standard deviation of all 30 day average
effluent cdncentrations (ppm BODs)
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The program will present the cumulative probability distribution
of the 30 day average effluent concentration in the form of a table.
Each calculation yielding all of the above information takes 6
seconds on the IBM 360-50 computer using the WATFIV compiler.

1
2
3
4
5
6
7
8

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

/WATS CN146019,TIME=10,PAGES=030 GADDY J L
DIMENSION X(SOO),Y(SOO),CDF(20)
RANMIN =100.
XRM = 0.
c
READ DATA
READ(l,SO) XMIN,XMAX,XLIKE
READ(l,SO) CMIN,CMAX,CLIKE
READ(1,50) DESIG

c

50
51

c
c
c
c
c

NXYZ =500
WRITE(3,51)DESIG
FORMAT ( F15. 6)
FORMAT(' OVERDESIGN FACTOR =',F10.6
DESIG = 1+ DESIG
CONVERT FLOW RATE TO GPH
XMIN=XMIN/24.
XMAX=XMAX/24.
XL I KE=XL IKE/ 24.
N=O
NORMALIZE IMPUT DATA
XX=(XLIKE-XMIN)/(XMAX-XMIN)
CC=(CLIKE-CMIN)/(CMAX-CMIN)

SAMPLE FROM MODEL OF PLANT
DO 101 J= 1 ,NXYZ
SSE=O.O
I=l, 30
DO 100
YFL=RAND(O)
ZFF=RAND(O)
CALL PARAMT (ZFF,CC,CCC)
CONC =CMIN +CCC*(CMAX-CMIN)
CALL PARAMT(YF.L,XX,XXX)
F= XMIN +XXX*(XMAX-XMIN)
SE= CONC/(1+1.876*DESIG/F)
SSE=SE+SSE
100 CONTINUE

c

ASE=SSE/ 30.
X(J)= ASE
IF( X(J) .GE. XRM) XRM = X(J)
IF(X(J) .LT. RANMIN) RANMIN =X(J)

RANDY
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34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77

101
C

CONTINUE
CALCULATE MEAN AND STANDARD DEVIATION
XXB=O.O
DO 102 J=l,NXYZ
XXB=X(J)+XXB
102 CONTINUE
XXB=XXB/NXYZ
VAR=O;
DO 103 J=l,NXYZ
VAR=(X(J)-XXB)**2 + VAR
103 CONTINUE
STD=SQRT(VAR/(NXYZ-1) )
53 FORMAT(' STANDARD DEVIATION=' ,Fl0.6,2X,'MEAN =',F10.6)
WRITE(3,53)STD,XXB

c

63

FORMAT(' MINIMUM CONC =' ,F10.6,2X,'MAXIMUM CONC=' ,F10.6)
WRITE(3,63) RANMIN,XRM
C
CALCULATE CUMULATIVE DISTRIBUTION
STEP = (XRM-RANMIN)/20.
DO 10 I=l,20
Y(I) = 0.
10
CONTINUE
DO 20 J=l,500
DO 20
I=1,20
R= STEP * I + RANMIN
IF(X(J) .LE. R) Y(I) =Y(I)+l.
20
CONTINUE
DO 30 I=1,20
CDF(I)=Y(I)/500.
30
CONTINUE
WRITE(3,59)
59
FORMAT('O' ,3X,'CONC (PPM)' ,2X,'CDF')
DO 40 I= 1,20
R= I*STEP+RANMIN
WRITE(3,60) R,CDF(I)
40
CONTINUE
60 FORMAT(3F10.3)
STOP
END
6050
6060
6070
6080
6100

SUBROUTINE PARAMT (YFL,XX,XXX)
IF(YFL.GT. (1.-XX)) GO TO 6080
XXX=l.-SQRT(YFL*(l.-XX ))
GO TO 6100
XXX=SQRT(XX*(l.-YFL))
CONTINUE
RETURN
END
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/DATA
OVERDESIGN FACTOR= 0.260000
STANDARD DEVIATION = 1.296234 MEAN = 25.042380
MINIMUM CONC = 20.579480 MAXIMUM CONC= 28.370880
CONC (PPM)
20.969
21.359
21.748
22.138
22.527
22.917
23.306
23.696
24.086
24.475
24.865
25.254
25.644
26.033
26.423
26.813
27.202
27.592
27.981
28.371

CDF
0.002
0.004
0.006
0.008
0.016
0.046
0.094
0.140
0.230
0.336
0.462
0.578
0.684
0.758
0.840
0.904
0.946
0.980
0.988
0.998
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